ABSTRACT. The main objective of this study was to compare the goodness of fit of five non-linear growth models, i.e. Brody, Gompertz, Logistic, Richards and von Bertalanffy in different animals. It also aimed to evaluate the influence of the shape parameter on the growth curve. To accomplish this task, published growth data of 14 different groups of animals were used and four goodness of fit statistics were adopted: coefficient of determination (R 2 ), root mean square error (RMSE), Akaike information criterion (AIC) and Bayesian information criterion (BIC). In general, the Richards growth equation provided better fits to experimental data than the other models. However, for some animals, different models exhibited better performance. It was obtained a possible interpretation for the shape parameter, in such a way that can provide useful insights to predict animal growth behavior.
Introduction
Traditionally, mathematical models have been applied to describe growth-age relationship in animals. One important feature of these models is their ability to describe the weight gain and evaluate some interesting biological parameters, such as the mature weight, the rate of maturing and the rate of gain. These parameters are useful tools to provide estimates of the daily feed requirements or to evaluate the influence of the environmental conditions on the weight gain of the animal. Growth models are also used to predict the optimum slaughter age. Therefore, mathematical models applied for animal growth can be considered as being important control and optimization instruments for the animal production (France & Thornley, 1984; France, Dijkstra, & Dhanoa, 1996; López et al., 2000; Vázquez, Lorenzo, Fuciños, & Franco, 2012) .
An appropriate growth function should summarize the information provided by experimental observations into a small set of parameters with biological meaning. Usually, these models consist of nonlinear functions and several studies including different mathematical models can be found in the literature. These models are usually applied for the evaluation of the growth kinetics of a wide range of animals, including birds (Aggrey, 2002; Sezer & Tarhan, 2005; Nahashon, Aggrey, Adefope, Amenyenu, & Wright, 2006) , mammals (Curi, Nunes, & Curi, 1985; Silva, Alencar, Freitas, Packer, & Mourão, 2011; Franco et al., 2011) , fishes Acta Scientiarum. Animal Sciences Maringá, v. 39, n. 1, p. 73-81, Jan.-Mar., 2017 (Hernandez-Llamas & Ratkowsky, 2004; Santos, Mareco, & Silva, 2013) , reptiles (Bardsley, Ackerman, Bukhari, Deeming, & Ferguson, 1995) and amphibians (Rodrigues et al., 2007; Mansano, Stéfani, Pereira, & Macente, 2013) . Some mathematical functions commonly used in these studies include the Gompertz, Logistic, Brody, von Bertalanffy and Richards growth models (France et al., 1996) . The growth functions can be grouped into three main categories: those with a diminishing returns behavior (Brody model), those with sigmoidal shape and a fixed inflection point (Gompertz, Logistic and von Bertalanffy models) and those with a flexible inflection point (Richards model) . The Logistic, Gompertz and von Bertalanffy models exhibit inflection points at about 50, 37 and 30% of the mature weight (asymptote), respectively. On the other hand, the Brody model does not exhibit an inflection point. The Richards model summarizes all the above growth functions in one function with a variable inflection point specified by the shape parameter (m) (Richards, 1959) .
In this context, the aim of this study was to evaluate the influence of the shape parameter on growth curves and the five above mentioned models using experimental data of different animals, including mammals and birds, in order to identify the best growth model for each animal studied. The performance of the different models was compared using different goodness of fit statistics.
Material and methods

Experimental data
Growth data recorded for fourteen different datasets, all of them reported in the literature, were used for evaluation of the models. The raw growth data were collected from published articles by means of the GetData Graph Digitizer 2.24 software, as used by Vázquez, Lorenzo, Fuciños, and Franco (2012) . The datasets are representative of the gain of body weight of mammals and birds (Table 1) , with mature weights ranging from < 0.25 kg (Japanese quail) to > 1,000 kg (Holstein-Friesian bull). As usually adopted in similar studies, growth curves were based on means of weights of many individuals in order to minimize large variations that may occur in individual growth (López et al., 2000; Vázquez et al., 2012) . 
Mathematical models
Five nonlinear functions frequently used for the description of growth curves in animal production studies were analyzed: Brody, von Bertalanffy, Logistic, Gompertz, and Richards. The mathematical expressions associated to these functions are detailed in Table 2 . In all equations presented, W stands for the body weight of the animal at age t, ∞ W stands for the mature weight (asymptote) and W 0 stands for the birth weight. The parameter k is a constant that is directly related to the postnatal rate of maturing and can be interpreted as a maturing index, establishing the rate at which W approaches ∞ W . Finally, m is the shape parameter in Richards' model. It determines the proportion of the mature weight at which the inflection point occurs (Perroto, Cue, & Lee, 1992; Gbangboche, Glelekakai, Salifou, Albuquerque, & Leroy, 2008) . Table 2 . Equations used to model the animal growth data.
Model Equation Brody
( )
Richards' model is a generalization of all growth models presented in Table 2 , i.e., for m = -1, m = -1/3 and m = 1, it reduces to re-parameterized versions of Brody, von Bertalanffy and Logistic equations, respectively. In addition, it can be shown that it reduces to Gompertz model when one calculates
The parameter m is the unique parameter which has no direct biological meaning. However, it exerts great influence on the time to an individual to reach the mature weight and on the point of inflection of the growth curve, as will be shown in the next section.
Influence of the shape parameter (m) on growth curves
As previously mentioned, Richards growth model encompasses all the other models, for special values of the parameter m. In order to illustrate this important feature, it is adopted a procedure to present a possible meaning to this parameter. After some algebra, it is possible to obtain a mathematical expression describing the influence of the parameter m on the relation of the weight at the inflection point ( inf W ) to the asymptotic mature weight ( ∞ W ) in equation 6: The weight at the inflection point is of significance because it is associated with a change in the acceleration of growth: for values of the weight lower than inf W , the acceleration of growth is positive and for values the weight higher than inf W the acceleration of growth is negative. Thus, depending on the value of m, the time to the individual reaches the mature weight is lower, as observed for the Brody growth model.
Numerical method
The fitting procedures presented in this study were performed with the 'fit function' of the Curve Fitting Tool available in the Matlab R2011a software (MathWorks, Natick, USA), using the nonlinear least squares method. The starting value of each parameter model was based on visual inspection of the plots. 
In order to obtain a more complete evaluation of the performance of the models, two additional criteria based on the information theory were applied to compare the goodness of fit of the models (Burnham & Anderson, 2002) : the Akaike information criterion (AIC) and the Bayesian information criterion (BIC). Equations 9 and 10 present the corresponding mathematical expressions wherein SSE is the sum of the squared errors.
For the case in that the sample size is smaller than the number of model parameters (N / K < 40), the AIC might not be accurate. Therefore the corrected AIC (AIC c in Equation 11) was used in the present study (Burnham & Anderson, 2002) :
Results and discussion
Fit with the use of Richards growth model
The growth curves obtained from regression analyses using Richards' model are presented in Figure 2 for birds and in Figure 3 for mammals. Table 3 shows the values of the parameter m estimated from regression and the value of the proportion of the mature weight at which the inflection point occurs (Equation 6) for each growth curve studied. As summarized in Table 3 , all regression analysis of the Richards' model resulted in values of the parameter m lower or equal to one. This means that, for the animals studied, the inflection point at each growth curve is lower than 50% of the mature weight. In addition, it was observed that the value of m was lower than minus one only for two datasets (Nelore cattle and Angus cattle). This result seems to indicate that the Brody's model is not feasible for most datasets studied.
It was also observed that the values of m were, in general, lower for females than for males (with the exception of Japanese quail -wild line and Karagouniko sheep). Therefore it can be assumed that, for most datasets studied, the males reached the mature weight before the females. In addition, Acta Scientiarum. Animal Sciences Maringá, v. 39, n. 1, p. 73-81, Jan.-Mar., 2017 according to Table 3 , it can be seen that Karagouniko sheep and celta pigs reach the mature weight faster than the others.
Comparison between models
Tables 4, 5 and 6 summarize the goodness of fit statistics obtained for the five models studied. It was observed that for birds (Table 4) , the Richards' and Logistic models provided the best fits. On the other hand, in what concerns mammals, different models provided best fits for different datasets. In this case, it was not possible to establish a model as being superior in relation to the others. Table 5 . Goodness of fit statistics obtained from the growth models applied to the experimental data set of mammals. Equations with the best goodness of fit are represented in bold.
Animal
Growth models (Male) Growth models (Female) Eq. (1) Table 7 summarizes comparison between pairs of models used in this study. Each entry of this table accounts for the number of times that the equation of the corresponding row provided better fit than the other equations. It can be seen that Richards' model exhibited a better performance than all the others. As shown in Table 7 , Logistic and Brody´s model (Equations 3 and 1, respectively) exhibited the worst results in relation to the other models, since they provided a lower amount of better fits than the others. These poor results obtained for the Logistic and the Brody's model can be ascribed to the symmetry of the inflection point and to the hyperbolic shape of the model, respectively. In order to illustrate this behavior, Figure 4 shows residuals obtained after fits of Logistic, Brody and Gompertz equations to Athens-Canadian chickens. As can be seen, the residuals are larger and not normally distributed for the Logistic and Brody models in relation to the Gompertz growth model. The results obtained for Athens-Canadian chicken (m = 0.0541 for male and m = -0.0220 for female) and Guinea fowl (m = 0.0798 for male and m = -0.0760 for female) seem to indicate that the Gompertz model is appropriate to experimental data as previously pointed out by Aggrey (2002) and Nahashon et al. (2006) , respectively. For Japanese quail m values showed deviations among lines and sex (Table 3) . Only for the wild line, the parameter showed a similar value both for male (m = 0.2321) and female (m = 0.2342). The values of inf / W W ∞ were between 0.39 and 0.46 for all Japanese quail lines. This justified that the statistical parameters indicated Richards' model as the most appropriated followed by Gompertz model (Table 4) . None of the three parameters models generated inflection points between 39 and 46% of the mature weight, and the Gompertz model produced the value closest to this range (37%). These results are in accordance with the study of Sezer and Tarhan (2005) , which discussed in details the fit of Richards' model to different lines of Japanese quail.
Among the mammals studied, only Californian rabbit (m = -0.0640) seems to indicate Gompertz model as the best one. Curi et al. (1985) fitted Logistic and Gompertz models to rabbit data for three lines and found that the Gompertz model was better than the Logistic model. However, for Norfolk and New Zealand lines, the von Bertalanffy model was the most appropriated one (Tables 3 and 6) .
The results presented in Table 3 for Karagouniko sheep (m = 0.9436 for male and m = 0.9642 for female) and pig (m = 1.0184 for male) indicate Logistic model as the most appropriate. These animals showed the inflection point at growth curve close to 50% of the mature weight (Table 3) . On the other hand, Gbangboche, Glele-kakai, Salifou, Albuquerque, and Leroy (2008) compared the goodness of fit of four non-linear growth models in West African Dwarf sheep and concluded that the Brody model provided the best fit.
The appropriated models for Beetal goat were Brody model for male and Richards model for female (Table 5) . Waheed et al. (2011) compared Brody and Gompertz models and concluded that both models efficiently explained the Beetal goat growth. An appropriated model for Beetal goat should exhibit an inflection point fixed close to 0.2 of the mature weight (Table 3) .
Holstein-Friesian bull growth curve showed a m value equal to -0.223. Thus, the von Bertalanffy model could be a good choice for fitting the gain of body weight for this animal (Table 6) . Vázquez et al. (2012) observed that this model was appropriate to describe the gain of the body weight of cattle. According to results obtained with Richards' model (Table 3) , Nelore and Angus cattle exhibit no inflection point (m < -1) at their growth curves. Statistical parameters indicated the use of Brody model for both species (Table 6) . Silva et al. (2011) evaluated five non-linear models for the gain of weight for cows of different biological types and found that Richards' and Brody models were the most appropriated for Nelore cow. Beltrán et al. (1992) evaluated growth patterns of two lines of Angus cow using Brody and Richards' models and concluded that both models provided good results.
Conclusion
In general, all non-linear models demonstrated good capacities of fitting for describing the growth kinetics of several animals. Although the Richards model exhibited the highest R 2 than the three parameters models, the two criteria based on the information theory, AIC and BIC, indicated that Gompertz model was the best model for chickens. In what concerns mammals, the Logistic model was the best model for pigs and sheep, von Bertalanffy for rabbits and bulls and when experimental data showed hyperbolic profiles, like cows and goats, the most appropriated model was the Brody equation. According to AIC and BIC criteria, the Richards' model was the most appropriate only for Japanese quails, female pigs and female goats. However, it provided the best results in average when all animals studied were considered. The Richards' model may be preferable for data based on a sigmoidal behavior, due to the fact that the placement of the inflection point is flexible. If a fixed inflection point is preferred, any placement is possible by substitution of the parameter m, for any given value above -1.
